The fine structure of the Dirac energy spectrum in graphene induced by electron-optical phonon coupling is investigated in the portion of the spectrum near the phonon emission threshold. The derived new dispersion equation in the immediate neighborhood below the phonon threshold corresponds to an electron-phonon bound state. We find that the singular vertex corrections beyond perturbation theory increase strongly the electron-phonon binding energy. The predicted enhancement of the effective electron-phonon coupling can be measured using angle-resolved spectroscopy.
The character of the threshold singularities depends on the competition between the kinetic energy of the electrons and phonons and their interaction energy, therefore, is largely determined by the dimensionality of the system. In graphene because of its two-dimensional nature the size-extend of electrons and phonons is strongly reduced and one can expect that the threshold nonanalyticities will result in strong modifications of the bare Dirac spectrum. Such a strong enhancement of the electronphonon effective coupling and the binding energies of complex quasiparticles has been previously found in two dimensional semiconductor structures [24, 25] .
Recent perturbative calculations [9] [10] [11] 16] of the electron mass operator, Σ(ε), in graphene showed that in n-doped samples the real part of the lowest order contribution, Σ 0 (ε), diverges logarithmically at energies near the optical phonon emission threshold, ε c = ±ω 0 , while the imaginary part of Σ 0 (ε), related to the single-particle density of states, makes a discontinuous jump at the same threshold points. The + (−) sign refers to the phonon emission process by Fermi electrons (holes), ω 0 = 196 meV is the longitudinal optical phonon energy. We will use = 1 units. Due to this non-analyticity the effective electron-phonon coupling becomes large and a perturbative calculation of Σ 0 (ε) in the neighborhood of the phonon emission threshold will not be a good approximation for Σ(ε). In terms of the diagrammatic expansion, the diagrams with dangerous intersections along one phonon and one electron lines are responsible for the threshold singularities [26] . The simplest diagrams for Σ(ε) with such dangerous intersections are shown in Figs. 1(a-c) . As seen, the number of dangerous intersections increases with the order of the diagram and perturbation theory fails to converge when ε → ε c . In order to find the true spectrum of the system in the neighborhood of ε c , it is required to sum an infinite number of divergent diagrams with such dangerous intersections. For this we exploit an approach beyond perturbation theory [22] , which leads to coupled integral equations for the exact electron Green function and for the exact electronphonon vertex part, drawn in Fig. 2 . By solving these equations we find a new dispersion equation for the complex quasiparticle energy that in the immediate neighborhood below the threshold describes an electron-phonon bound state in graphene with new analytical dependencies on the electron-phonon coupling. The true spectrum does not asymptotically tend to the phonon energy but always remains below it at a small but finite distance. At finite wave vectors we find that the singular vertex corrections to Σ 0 (ε) increase strongly the electron-phonon arXiv:1201.2723v1 [cond-mat.mes-hall] 13 Jan 2012 binding energy in comparison with that calculated within the perturbative approach.
We search for new branches of electron-phonon complex states from the poles of the exact single-electron Green function, G µ (ε), in the total energy parameter ε. Usually in doped graphene samples the Fermi energy, ε F , is much larger than the lattice temperature T and even at room temperatures most of the electrons are below ε F . In the chiral basis the zero temperature Green function of noninteracting electrons
corresponds to the thin solid lines in Figs. 1 and 2. The electron bare energy in the vicinity of the Dirac points in graphene has a linear dispersion, ε µk = µv F | k|, where k and v F are the momentum and the Fermi velocity of the massless fermions, described by the Hamiltonian
The Pauli matrices σ act in the pseudospace of graphene sublattices and µ = ±1 labels the electron chirality. At low T absorption of phonons by electrons is negligible and we replace all exact phonon Green functions (dashed lines) by free phonon propaga-
, where ω sq and q are the energy and momentum of the s phonon mode in graphene.
The small dots in Figs. 1 and 2 correspond to the bare electron-phonon vertex functions
where the electron wave functions for the K point are ψ µk (r) = µ e iφ k T exp(ikr)/ √ A with A the normalizing area and φ k the polar angle of the vector k. The perturbation of the graphene lattice potential created by a single sq phonon mode is given by V sq (r) = αv F V s (q) exp(iqr)/ √ A with the interaction matrices represented as [27] 
FIG. 2. (top) Dyson equation for the exact electron Green function Gµ(ε) (thick solid lines). (bottom)
The ladder type equation for the exact electron-phonon vertex part Γμµ(ε) (large bold dots). The solid square represents the irreducible four vertex part (ε) with two electron and two phonon external lines. The simplest diagram corresponding to (ε) is drawn in Fig. 1(d) .
for the longitudinal (s = 1) and transverse (s = 0) phonons. The dimensionless coupling constant is defined as α = β/b 2 2σω sq whereσ is the surface mass density unit cells, β ∼ 2 a dimensionless tight-binding parameter, b the bond length between adjacent carbon atoms. This yields weak coupling with α 2 ∼ 0.02 [11] . Further we focus only on the part of the spectrum near the threshold of longitudinal optical phonon emission by electrons, ε c = +ω 0 . The singular behavior of the spectrum near the threshold of phonon emission by Fermi holes, ε c = −ω 0 , as well as for the transverse optical phonons can be treated independently in a similar way.
In the energy region of our interest, ε ≈ ε c , we can make several simplifications using the threshold approximation. In equations corresponding to the diagrams of Fig. 2 we take the electron Green functions as retarded and after the integration over the phonon energetic parameter ω replace it by ω 0 in all internal electron lines. In proximity of the threshold in the conductance band, the leading contributions to the summation over the chirality of the internal electron lines make the singular terms with µ = +1 and µ = +1. The energetic parameter of the exact Green functions in the dangerous intersections in the second terms in the rhs of the equations in Fig. 2 , ε −ω 0 , lies far from the threshold ε c where perturbation theory is applicable. Therefore, the internal exact Green functions can be replaced by the bare function G 0+ (ε −ω 0 , k). Furthermore, in all integrations over the absolute values of the electron momenta corresponding to the dangerous intersections in Fig. 2 , only the small regions near the Fermi wave vector, |k| ≈ k F and |k | ≈ k F , give the main contribution to the integrals in these equations. Therefore, in this approximation one can take the quantities γ,
, and Γ out of the integrations over k and k . This allows us write the Dyson equation corresponding to Fig. 2 as 
Here we introduce the following singular function
where the unit step θ(x) function is what remains from the Fermi functions at T = 0. The divergence of the integral at large values of k is related to the linearity of the graphene energy band. The cutoff of the integral at large momenta of the order of the inverse lattice constant contributes to the regular part of the integral. We are interested in its singular part due to the phonon emission threshold. It comes from the low limit of the integral, i.e. from the momentum range close to the Fermi wave vector k F , which gives
Because the energetic parameter of the electron internal Green function G 0µ (ε −2ω 0 ) in the four vertex part ++ (ε) is far from the threshold ε c (the four vertex part has no dangerous intersection along one electron and one phonon lines), ++ (ε) can be expanded with respect to α and be replaced by the simplest diagram shown in Fig. 1(d) . We restrict ourselves to highly doped samples where the Fermi energy is larger than the phonon energy. In this regime the important contribution to the four vertex part ++ (ε) comes from scattered virtual phonons with approximately equal antiparallel momenta q = p − k and q = p − k and we replace ε p−q −q by ε F in the electron Green function and retain only the term with chirality µ = +1 in the sum corresponding to the internal electron line. For such dominant scattering events the vertex parts γ in ++ (ε) depend only on q or q and the four vertex part becomes decoupled as
Taking µ = +1 in all electron external lines and introducing a new amplitudê
as well as the form factor
and with the help of Eqs. (5), (8)- (10) we get
Combining Eqs. (4), (9), and (11) and making use of the explicit expressions for the respective functions in these equations, we derive the following dispersion relation
Here we introduce a renormalized electron-phonon coupling g = α 2 ε F /ω 0 . Eq. (12) includes the singular vertex corrections beyond perturbation theory and results in new properties of the electron-phonon quasiparticle in graphene. The perturbative Wigner-Brillouin (WB) approach is recovered if the dominator in the rhs of Eq. (12) is set equal to 1. Within the Rayleigh-Schrödinger (RS) theory the exact energy in the rhs of Eq. (12) additionally should be replaced by ε = v F (p − p F ). The corresponding single-particle density of states is given by g(ε) = 4p/(2π∂ε/∂p)| ε=ε(p) where ε(p) is the solution of Eq. (12) .
In Fig. 3 we plot the spectrum characteristics of the electron-phonon quasiparticle, calculated from Eq. (12) . We consider only the energy range 0 < ε < ω 0 . Above the threshold, ε > ω 0 , there exists a continuum of decaying states and no true elementary excitations. For ε < 0, the threshold ε c = −ω 0 , which refers to the Fermi holes, has a similar effect on the spectrum. As seen in Fig. 3(left) at small values of p − p F < q 0 (q 0 = ω 0 /v F ) the effect of vertex corrections is weak and the spectrum obtained from perturbative RS and WB theories provides an adequate description. In this limit the average number of phonon states N ∼ g and the density of states is linear with ε. At ε = 0 the shift of g(ε) from g F , the density of states of the bare Dirac fermions at the Fermi level, is proportional to the coupling g (Fig. 3(mid) ). With an increase of the momentum p the RS approach fails completely while the spectrum, obtained within the two other approaches for p − p F ∼ q 0 , describes the electronphonon hybrid states with N ∼ 1/2. It is seen in the inset in Fig. 3(left) that the vertex corrections increase the binding energy, ε b = ω 0 − ε, but the effect is still relatively modest.
For even larger momenta p − p F > q 0 the spectrum obtained within WB perturbation theory (this approach actually has been used in Refs. 9-11, and 16) converge asymptotically to the phonon energy when p → ∞ hence does not support an electron-phonon bound state. In contrast, the vertex corrections become especially important in this region and open a small gap under the threshold. The true spectrum obtained from Eq. (12) always remains below the phonon energy and corresponds to the electron-phonon bound state with N ∼ 1. The velocity of the bound state tends to zero while the density of states increases strongly with p. Although the binding energy of the bound state remains finite for p → ∞, it exhibits a stark exponential dependence on the coupling constant, ε ∞ b = ε F exp(−1/g), and with its subKelvin value for experimentally accessible values of g is hardly measurable. At finite momenta p − p F > q 0 , we find, however, that the singular vertex corrections increase strongly the binding energy ε b in comparison with that obtained within the perturbative WB approach (see Fig. 3(left) ). For p − p F = 1.5q 0 and for the doping level n = 5.6 × 10 13 cm −2 (corresponding to g ≈ 0.09) we find for the binding energy ε b ≈ 14.5 meV. It is about a factor of 5 larger than the corresponding WB perturbative value and this difference increases strongly with g ( Fig. 3(left) ). This enhancement results in a significant deviation from the linear Dirac spectrum that should manifest itself in angle-resolved measurements with the resolution smaller than 10 meV as stark delta-function peaks at frequencies ω 0 − ε b and wave vectors larger than q 0 .
In conclusion, we have calculated the fine structure of the Dirac spectrum in graphene in the proximity of the phonon emission threshold. The renormalized spectrum in the immediate neighborhood below the threshold corresponds to the electron-phonon bound state. Our calculations result in a strong enhancement of the electronphonon binding energy due to the singular vertex corrections, which can be probed in experiment.
We thank E. Rashba for his useful comments and acknowledge support from the Belgium Science Policy (IAP) and BELSPO.
